We characterise the boundedness of a Toeplitz operator on the Bergman space with a L 1 symbol. We also prove that the compactness of a Toeplitz operator on the Bergman space with a L 1 symbol is completely determined by the boundary behaviour of its Berezin transform. This result extends known results in the cases when the symbol is either a positive L 1 function, an L ∞ function or a general BM O 1 function.
Introduction.
Toeplitz operators are one of the most widely studied classes of concrete operators. The study of their behaviour on Hardy and Bergman spaces has generated an extensive list of results in operator theory and function theory. One of the latest approaches in this area is the use of the Berezin transform as a determining factor of the behaviour of Toeplitz operators (see [1] , [2] , [5] , [7] , [8] ).
Let dλ denote the Lebesgue area measure on the unit disk ∆, normalized so that λ(∆) = 1. For 0 < p < ∞, the Bergman space L p a (∆) is the subspace of L p (∆, dλ) consisting of functions analytic on the unit disk ∆. Let P be the Bergman projection from L 2 (∆, dλ) onto L 2 a (∆) defined by
where K z (w) = Indeed, since the Bergman projection can be extended to L 1 (∆, dλ), the operator T f is well defined on H ∞ (∆), the space of bounded analytic functions on ∆, which is dense in L 2 a (∆). Hence, T f is always densely defined on L 2 a (∆). Also, since P is not bounded on L 1 (∆, dλ), T f can be in general unbounded. Our first result characterises boundedness of T f with f ∈ L 1 (∆, dλ). Precisely we have the following:
For an operator A on L 2 a (∆), the Berezin transform of A is the function A on ∆ defined by
Here, and elsewhere in this paper, the inner product , and the norm 2 are taken in the space
A is a bounded function. Since the kernel k z converges weakly to zero in L 2 a (∆) as z approaches the unit circle ∂∆, we have that if A is compact, then
The converse in both cases is not necessarily true, see N. Zorboska [8] for some counterexamples. To simplify the notation, for f in L 1 (∆, dλ), the Berezin TransformT f of T f will be denotedf and will be called Berezin transform of f. In other words,
However, we are going to show the converse result when A is a Toeplitz result T f , f ∈ L 1 (∆, dλ). Precisely we prove the following result:
This theorem extends known results in the cases when the symbol is either a positive L 1 function, an L ∞ function or a general BM O 1 function earlier proved respectively by K. Zhu [7] , S. Axler and D. Zheng [1] and N. Zorboska [8] . An attempt to prove this theorem was undertaken by N. Zorboska [8] . She proved the following theorem:
At the end of her paper, N. Zorboska posed the question of extending the latter theorem with the condition p > 3 replaced by p > 2. By the way, quite recently, Miao and Zheng [5] have shown that the number p cannot be improved in general for all bounded operators on L 2 a . Of course, our theorem solves Zorboska's problem. Our methods of proof are adapted from methods used in both in [1] and [8] which we combine with a result due to D. Luecking [3] .
Useful concepts.
For z ∈ ∆, let ϕ z be the analytic map of ∆ onto ∆ defined by
A simple calculation shows that ϕ z • ϕ z is the identity function on ∆.
be the unitary operator defined by
We shall use the following lemma:
The next lemma will also be useful:
which is equal to
by making the change of variable w = ϕ z (v). Also,
and
Thus,
2. We have:
Let z, w ∈ ∆. Then the Bergman metric B(z, w) is given by
For z ∈ ∆ and δ > 0 we define
Then D(z, δ) is a Euclidean disk with centre C and radius R given by
We will denote the normalized Lebesgue area measure of D(z, δ) by λ(D(z, δ)). Our next lemma is an application of a result by D. Luecking [3] which gives a necessary and sufficient condition for a positive Borel measure µ on ∆ to satisfy the following property: the Bergman space
Precisely, Luecking's result is the following:
holds if and only if k is in L s (∆, dλ), where
From now on, we shall keep δ fixed and we shall write D(z) instead of D(z, δ), for z ∈ ∆. Furthermore, for ǫ > 0, define an operator S by
Lemma 3 Let p > 1 and 0 < ǫ < 1 2p ′ where p ′ is the conjugate exponent of p. Then there exist a constant C = C(p, ǫ) such that for all f ∈ L 1 (∆), the following estimate holds:
Proof. Let
The last equation comes from the fact that
This shows that
Furthermore, we see that k belongs to L p ′ (∆, dλ) if 0 < ǫ < 1 2p ′ . Thus by Luecking [3] , there exists a constant C = C(p, ǫ) > 0 such that
which proves our lemma.
Remark 1 For
Then for all h ∈ L 1 (∆, dA) and all u ∈ ∆, the following identity is true:
where the operator S was defined in (2) . P roof. The change of variable v = ϕ u (w) in the left hand side integral yields that it is equal to
Here we used (1).
Proof of Theorem 1
a (∆) and v ∈ ∆. Then by Lemma 2 assertion 3 we have that
which implies that T f is an integral operator with kernel (T f K u )(v). By Schur's lemma, if there exist a positive measurable function g on ∆ and constants c 1 , c 2 such that
for all u ∈ ∆ and
for all v ∈ ∆, then T f is bounded on L 2 a and T f ≤ √ c 1 c 2 .
Then assertion 1 of Lemma 2 implies that the left hand side of (3) is equal to
According to (5) and Remark 1, the left hand side of (3) can be written as (S(P (h • ϕ u ))(u). Now for 0 < ǫ < 1 4 we obtain from Lemma 3 that there exists a constant C > 0 such that
This gives estimate 3 with
Let us next prove the estimate in (4). We use assertion 2 of Lemma 2 to get that the left hand side of (4) is at most
If 0 < ǫ < 
This gives estimate (4) with
Thus by Schur's Lemma T f is bounded on L 2 a (∆). Conversely, if T f is bounded we have using Lemma 1
Since T f bounded implies Tf is bounded this also shows in a similar manner that sup z∈∆ T f •ϕz 1 2 is finite.
Compactness of
We start by presenting some necessary results that will be useful in our prove of the main theorem in this section.
P roof. We shall represent the operator U z AU z simply by A z . To prove this result, it suffices to show that A z 1, w p → 0 as z → ∂∆ for any nonnegative integer p. Firstly, we have that A • ϕ z = A z . Indeed, For w ∈ ∆, we have
Also, since
we see that
We shall also make use of the power series representation of the normalised Bergman kernel, precisely
For z ∈ ∆ we have
by first multiplying both sides (6) by A and then take the inner product with k z . Thus we have immediately that
Fix r ∈ (0, 1) and multiply both sides (8) 
We also have that for all w ∈ ∆ kept fixed, ϕ z (w) → ∂∆ as z → ∂∆, thusÃ(ϕ z (w)) → 0 as z → ∂∆. Letting z → ∂∆, the left side of the equation above tends to 0, since the integrand is bounded by
P roof. It follows from property 1 and Lemma 1 that sup z∈∆ T f •ϕz 1 2 < ∞. From Theorem 5, we see that T f •ϕz 1 → 0 weakly in L 2 a (∆) as z → ∂∆. Thus T f •ϕz 1 → 0 uniformly on any compact subsets of ∆, e.g. on r∆, r ∈ (0, 1). First write:
We next apply Hölder's inequality to the second integral and we obtain:
This yields the inequality:
where C = sup z∈∆ T f • ϕ z 1 q 2 < ∞ according to property 2. Now, given ǫ > 0, choose r = r ǫ ∈ (0, 1) such that C(1 − r 2 ) 2−q 2 < ǫ 2 . Fix such an r; then there exists R = R(ǫ) ∈ (0, 1) such that for R < |z| < 1, we have:
Hence, for all ǫ > 0, there exists R = R(ǫ) ∈ (0, 1) such that R < |z| < 1, we have:
But according to assertions 3 and 4 of Lemma 2, we have:
Substituting (10) in (9) gives:
For r ∈ (0, 1), define an operator
f is an integral operator with kernel (T f K u )(v)χ r∆ (u). This operator is a Hilbert Schmidt operator, since for all v ∈ ∆, then
For ǫ > 0, take g(v) = (K v (v)) ǫ . Then using the same argument as in the prove of Theorem 1 we see that the left hand side of (11) can be written as χ ∆/r∆ (u)(S(P (h • ϕ u ))(u). Now for 1 ≤ q < 2 and for 0 < ǫ < 1 2q ′ where q ′ is the conjugate exponent of q, we obtain from Lemma 3 that there exists a constant C > 0 such that
This gives estimate (11) with c 1 = C sup |u|>r P (f • ϕ u ) q .
Similarly we get that the left side of (12) is atmost
This gives estimate (12) with c 2 = C sup v∈∆ P (f • ϕ v 2 . Finally, since min( Since by Theorem 4, c 1 → 0 as r → 1 and c 2 < ∞, the conclusion
follows.
